Abstract. In many problems, e.g., in combustion or solidification, one observes traveling waves that propagate with constant velocity and shape in the x direction, say, are independent of y and z and describe transitions between two equilibrium states, e.g., the burned and the unburned reactants. As parameters of the system are varied, these traveling waves can become unstable and give rise to waves having additional structure, such as traveling waves in the y and z directions, which can themselves be subject to instabilities as parameters are further varied. To investigate this scenario we consider a system of reaction-diffusion equations with a traveling wave solution as a basic state. We determine solutions bifurcating from the basic state that describe counterpropagating traveling waves in directions orthogonal to the direction of propagation of the basic state and determine their stability. Specifically, we derive long wave modulation equations for the amplitudes of the counterpropagating traveling waves that are coupled to an equation for a mean field, generated by the translation of the basic state in the direction of its propagation. The modulation equations are then employed to determine stability boundaries to long wave perturbations for both unidirectional and counterpropagating traveling waves. The stability analysis is delicate because the results depend on the order in which transverse and longitudinal perturbation wavenumbers are taken to zero. For the unidirectional wave we demonstrate that it is sufficient to consider the cases of (i) purely transverse perturbations, (ii) purely longitudinal perturbations, and (iii) longitudinal perturbations with a small transverse component. These yield Eckhaus type, zigzag type, and skew type instabilities, respectively. The latter arise as a specific result of interaction with the mean field. We also consider the degenerate case of very small group velocity, as well as other degenerate cases, which yield several additional instability boundaries. The stability analysis is then extended to the case of counterpropagating traveling waves.
in which a zero mode interacts with a single traveling wave mode. The range of stable wave numbers of the traveling wave is again dramatically reduced due to the interaction between the zero mode and the traveling wave.
In this paper we consider mean field effects in a system of general reaction-diffusion equations in three spatial dimensions in which the basic state is a traveling wave propagating along a given axis. Our study is motivated by the fact that in many problems, e.g., in combustion or solidification, one observes such waves propagating with constant velocity and shape in the x direction, say, independent of y and z, which describe transitions between two equilibrium states, e.g., the burned and the unburned reactants. As parameters of the system are varied, these waves can become unstable and give rise to waves having additional structure, such as traveling waves in the y and z directions, which can themselves be subject to instabilities as parameters are further varied. This system, in two spatial dimensions, with only weak mean field effects considered, was analyzed in [5] . Solutions bifurcating from the basic state include counterpropagating traveling waves in directions orthogonal to the direction of propagation of the basic state, and an underlying zero mode (mean field), corresponding to translation of the basic state along its axis of propagation. In [5] traveling waves with an G(1) group velocity were considered. Since the waves propagate on a fast time scale, a wave propagating in one direction "sees" on a slower time scale the average of the wave propagating in the opposite direction. Employing these averages, coupled nonlocal complex Ginzburg-Landau amplitude equations were derived that decouple from the equation for the zero mode. Similar analyses for problems with G(1) group velocities in gaseous combustion, in gasless solid fuel combustion, and in water waves were carried out in [6] [7] [8] , respectively. Quantitative changes in stability results, due to the nonlocal nature of the equations, were derived in [9] for standing waves, and for quasiperiodic waves, which include standing waves as a special case, in [5] [6] [7] .
We consider both '(1) and small group velocities. We derive evolution equations for the modulated amplitudes of two bifurcating counterpropagating traveling waves, which are coupled to an evolution equation for the zero mode corresponding to translation of the basic state along its axis of propagation. The modulation equations are then employed to determine how translation of the basic state affects the dynamics and pattern formation in the system.
In studying mean field effects on the stability of plane wave solutions, we consider perturbations along the wave vector k of the plane waves (longitudinal), orthogonal to k (transverse) and combinations thereof (oblique). We derive equations to describe modulations of the plane waves and then employ the equations to derive stability boundaries for both traveling wave and quasiperiodic plane wave solutions. Specifically, we consider stability in the limit of long wave perturbations. The stability analysis is delicate because the results depend on the order in which transverse and longitudinal perturbation wavenumbers are taken to zero. For the unidirectional wave we demonstrate that it is sufficient to consider the cases of (i) purely transverse perturbations, (ii) purely longitudinal perturbations, and (iii) longitudinal perturbations with a small transverse component. These yield Eckhaus type, zigzag type, and skew type instabilities, respectively. The latter arise as a specific result of interaction with the mean field. We also consider the degenerate case of very small group velocity, as well as other degenerate cases, which yield several additional instability boundaries. The stability analysis is then extended to the case of counterpropagating traveling waves.
In 2 we present the mathematical formulation of the problem, describe a traveling wave solution (which serves as a basic state), and describe conditions for its linear instability. In 3 we consider a nonlinear analysis of the problem in a neighborhood of the minimum of the neutral stability curve. We derive a set of three coupled equations for the evolution of long wave modulations of the amplitudes of counterpropagating traveling waves in directions orthogonal to the direction of propagation of the basic state and a mean field generated by translation of the basic state along its direction of propagation. Solutions In the calculation below we assume without loss of generality that o9, k0 > 0. In addition we restrict ourselves to the physically relevant case that the initial bifurcation to a traveling wave is supercritical (a necessary condition for stability), which implies that a > 0 and
Consider a solution of the form +(a7iHo + ai2b)(d3 + (d4 -ds)(ari/ar2)) +2b3i(a/ar2)(aazr_aTazr ) +asi(d_d) +O(k ).
In the limit o{--+ 0, (4.58) defines a critical value for k =#'(e) at which waves become unstable to transverse perturbations.
The second degenerate case that we consider occurs when the leading-order expression for the discriminant of the quadratic (4.45) vanishes at leading order. If higher-order corrections lead to a negative discriminant, the two values of 1 will be a complex conjugate pair that will always lead to instability. Expanding the discriminant to (e)yields the condition for stability (4. To summarize, we have shown that for long wave stability of a traveling wave it is sufficient to consider transverse, oblique, and longitudinal perturbations of traveling wave solutions. For the nondegenerate cases, we find that the skew and transverse instabilities are independent of the wave number k. For purely longitudinal perturbations, there are two criteria: the first is associated with the mean flow coupling and is independent of k, and the second is associated with the translational mode of the wave and yields an order unity band of stable wavenumbers bounded by an Eckhaus type stability boundary. For the degenerate cases, in which the leading-order eigenvalues are nearly equal, or if the group velocity co is small, we find skew and transverse instabilities for k '(e), while for nearly longitudinal perturbations the traveling waves apparently are always unstable in this limit.
4.2. Stability of quasiperiodie waves. We now consider the stability of quasiperiodic waves (R 4= 0, S 4= 0). We proceed as for the unidirectional traveling waves, but now take into account perturbations to both waves. As above, stability is determined by the growth rate of the perturbation to the plane wave solution (4.1). In this case the characteristic equation for is a fifth-order polynomial equation corresponding to the five by five matrix given in Appendix B.
When F F 2 0, we find that there are three zero eigenvalues, two of which correspond to longitudinal translation of each of the two superposed traveling waves and a third corresponding to a translation in the direction of propagation of the basic state. The remaining two eigenvalues are given by the analysis in the beginning of 4, where O and o" are given by (4.13) and (4.14). We limit our study to the case lal < lal when the traveling waves are stable inside the reduced system (4.3), (4.4), and to the values of kl, k for which the quasiperiodic state (4.13), (4.14) exists.
A cubic equation can be derived for the near-zero eigenvalues; however, it is much easier to examine stability by substituting Taylor series expansions of the eigenvalues in the particular cases examined in the previous sections into the fifth-order determinant. While this does not guarantee the examination of all cases, it reduces the calculation to manageable size.
The symmetry (3.39) implies ,that the characteristic equation, and consequently the stability criteria are invariant under the change of variables (4.71)
The symmetries (4.35), (4.36) must also be obeyed. 4 The factorization of the cubic can be explained by noting that it is independent of k 1, k 2 and consequently unchanged by the symmetry (4.71). This allows us to decompose the matrix into a similar matrix with two blocks; one invariant under the symmetry and one that is mapped into its negative. The quadratic factor is the determinant of the first block and the linear factor the determinant of the second.
The coefficients Jl and J2 must be negative for stability, whereas for the second factor a necessary condition for stability is (4.76) ai a3
Note that all these criteria are independent of the wave numbers kl, k 2. In summary, we have examined the stability of quasiperiodic waves to perturbations of the same form as was appropriate for the unidirectional case. Stability to transverse perturbations yielded three conditions independent of wave numbers.
Nearly longitudinal perturbations lead to three possible pure imaginary leading-order eigenvalues (i1F1). Two of these are associated with translation of the phase of the two wave components, the third is associated with coupling to the mean flow. For the translational mode to be stable to a small transverse perturbation we obtain criteria independent of wave number. Purely longitudinal perturbations of each of the translational modes yield a stability boundary for the wavenumber (kl or k2) that is, G(e). For the mean flow mode, nearly longitudinal perturbations yield two criteria independent of wave number.
5. Discussion. We have studied mean field effects in a general system of reaction-diffusion equations by deriving coupled evolution equations for the amplitudes of counterpropagating traveling waves in directions orthogonal to the direction of propagation of the basic state, and a zero mode describing the mean field, which corresponds to translation of the basic state in its direction of propagation. We employed these equations to determine the stability of plane wave solutions, including both traveling waves and quasiperiodic waves. The latter include standing waves as a special case. The stability results are given in terms of the perturbation wave number and the parameters of the model.
For unidirectional waves, most of the criteria are independent of wave number except for an Eckhaus type boundary corresponding to purely longitudinal perturbations. In certain degenerate limits (such as very small group velocity) stability boundaries with perturbation wave numbers k el(e)were found. For quasiperiodic waves, both wave number independent and k '(e)wave number boundaries were found.
Siggia and Zippelius [1] and Busse and Bolton [2] first studied mean flow effects in Rayleigh-Benard convection between stress-free upper and lower boundaries. Their conflicting results for the stability boundaries of stationary convection rolls were resolved in [3] , where the skew varicose instability boundaries of stationary cellular solutions were given by k > k 0 + t520/1 and k < k 0 + 1520/2. Here k 0 is the critical wave number at the onset of convection and 0/1 and 0/2 are (1) quantities.
Higher-order terms, corresponding to '(15 4) terms in this paper, were included in [3] , where it was shown that if higher-order terms are not included, as in [1] , the resulting expressions for 0/1 and 0/2 are not correct.
In [3] the evolution equation for the amplitude of the stationary cellular solutions is coupled to an evolution equation for the mean flow field. The equation for the amplitude of the stationary cellular solution is similar in form to the equations for R and S in this paper. Differences result from the facts that in [3] stationary cellular solutions are considered, while here traveling waves are analyzed, and that the nonlinearities are different. In addition, the evolution equation for the mean flow field in [3] is different from that for the drift q in this model, since in [3] the mean field effects are governed by the fluid dynamical equations, while here satisfies a diffusion equation.
In [4] short-wave instabilities in systems with a zero mode were studied in the context of longitudinal seismic waves in a viscoelastic medium. Evolution equations were obtained for the amplitudes of both stationary cellular solutions and unidirectional traveling wave solutions that bifurcate from a basic state of no flow. In each case the amplitude equations couple to an evolution equation for a zero mode solution. The resulting evolution equations are similar to those given in 3 up to ce(e3).
The nonlocal amplitude equations in [5] [6] [7] [8] [9] , couple to the mean field equation only if transverse modulations are considered. In these studies the dependence of the mean field on the evolution time scale (-in this paper)was not included, and higher-order terms were not considered in the stability analyses. Thus they did not describe all the instabilities described here. As noted in [5] [6] [7] [8] [9] , standing wave solutions are more stable for the nonlocal (averaged) equations than for the same equations with the averages removed. Similarly they are more stable in the context of the nonlocal equations than in the context of the evolution equations derived in this paper. That is, the considerations in this paper lead to descriptions of instabilities not described in [5] [6] [7] [8] [9] .
To obtain the evolution equations in this paper, we combined the solvability conditions for cY(eJ)(j 2, 3, 4 
